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Abstract
Open supermembrane with a constant three-form flux in the pure spinor formalism
is examined. The BRST symmetry of the open supermembrane action leads to non-
commutative (NC) M-branes. In addition to the NC M5-brane with a self-dual two-
form flux, we find a NC M9-brane with an electric flux and a NC M9-brane with a
magnetic flux. The former reduces in the critical electric flux limit to an M2-brane on
the M9-brane, while the latter reduces in the strong magnetic flux limit to infinitely
many Kaluza-Klein monopoles dissolved into the M9-brane. These NC M-branes are
shown to preserve a half of 32 supersymmetries.
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1 Introduction
Supermembrane theory in eleven-dimensions [1] is expected to be closely related to a for-
mulation of M-theory [2], despite the fact that its microscopic degrees of freedom have not
been completely understood yet. Fortunately at the semiclassical level, M-theory is an
eleven-dimensional supergravity theory interacting with 1/2 BPS objects: M2-branes, M5-
branes, M9-branes, M-waves and Kaluza-Klein (KK) monopoles. It is known that an open
supermembrane can end on Dirichlet p-branes with p = 1, 5 and 9 [3][4]. The p = 5 case
corresponds to the M5-brane and the p = 9 case to the M9-brane which is the boundary of
the eleven-dimensional spacetime in the Horˇava-Witten formulation of the heterotic string
theory [5]. In [6], the M-wave [7] of eleven-dimensional supergravity are identified with D0-
branes of IIA supergravity and their dual D6-branes are shown to be the KK monopole [8]
in eleven-dimensions.
Dirichlet branes of a κ-symmetric open supermembrane are investigated from the κ-
symmetry argument [3]. Furthermore, non-commutative (NC) M-branes are discussed from
κ-symmetry of a κ-symmetric open supermembrane with a constant three-form flux and it is
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found that the self-duality of the two-form gauge field on the M5-brane world-volume follows
from κ-symmetry of the open supermembrane [9]. In addition, intersecting NC M-branes are
discussed in [10, 11].
In this paper we examine an open supermembrane with a constant three-form flux in the
pure spinor formalism [12]. In the pure spinor formalism, the κ-symmetry is replaced with
the BRST symmetry. One of advantages of our approach is to consider BRST symmetry
which is expected to survive quantum corrections. It implies that our analysis in this paper
may give a quantum consistency check for the κ-symmetry arguments. In addition, we will
derive a NC M9-brane with an electric flux and a NC M9-brane with a magnetic flux. The
former reduces in the critical electric flux limit to an M2-brane on the M9-brane. The latter
reduces in the strong magnetic flux limit to infinitely many KK monopoles dissolved into
the M9-brane, and is identified with a bound state of an M9-brane and KK monopoles.
We will examine the supersymmetry variation of an open supermembrane in the pure
spinor formalism, and find that the boundary condition for the BRST symmetry solves those
for supersymmetry. This shows that the NC M-branes derived in this paper preserve a half
of 32 supersymmetries and should be 1/2 BPS objects.
This paper is organized as follows. In the next section, we introduce an open super-
membrane action with constant fluxes in the pure spinor formalism, and give the BRST
transformation law and the supersymmetry transformation law under which the action is
invariant. We derive surface terms of the BRST transformation and deduce boundary con-
ditions to eliminate them in section 3. In section 4, as solutions of the boundary conditions,
we obtain NC M-branes; a NC M5-brane with self-dual three-form fluxes, a NC M9-brane
with an electric flux and a NC M9-brane with a magnetic flux. In addition, the NC M-
branes are shown to be half supersymmetric, namely 1/2 BPS. The last section is devoted
to summary and discussions. In the appendix A, we give a derivation of NC M5-branes,
and we describe a derivation of surface terms for the supersymmetry transformation of the
action in the appendix B.
2
2 Pure Spinor Supermembrane with constant three-
form fluxes
Before introducing the pure spinor supermembrane action, we introduce the κ-symmetric
supermembrane action in d = 11. It is composed of two parts [1]
S =
∫
Σ
d3τ (L0 + LWZ) , (2.1)
L0 =PµΠ
µ
0 + e
0(P µPµ + det(Π
µ
IΠJµ)) + e
IPµΠ
µ
I , (2.2)
LWZ = ǫ
ijk
[
1
6
Hµνρ∂ix
µ∂jx
ν∂kx
ρ −
i
4
{
θ¯Γµν∂iθ ∂jx
µ∂kx
ν
+
i
2
θ¯Γµν∂iθ θ¯Γ
µ∂jθ ∂kx
ν −
1
12
θ¯Γµν∂iθ θ¯Γ
µ∂jθ θ¯Γ
ν∂kθ
}]
, (2.3)
where xµ (µ = 0, 1, · · · , 9, 10) are flat spacetime coordinates, and τ i (i = 0, 1, 2, and I = 1, 2
are space indices) are coordinates on the world-volume Σ. We have introduced Πµi ≡ ∂ix
µ+
i
2
θ¯Γµ∂iθ. The Γ
µ denote 32 × 32 gamma matrices and θα is a 32-component Majorana
spinor in d = 11. We define θ¯ by θ¯ = θTC with the charge conjugation matrix C so that
(CΓµ1···µn)αβ is symmetric under the exchange α↔ β iff n = 1, 2 mod 4. The e
0 and eI are
Lagrange multipliers for reparametrization constraints. By eliminating Pµ by its equation of
motion, L0 reduces to the Nambu-Goto Lagrangian
√
− detΠµi Πjµ [13].
We have introduced a constant three-form flux H = C − db in LWZ where C and b
denote the three-form gauge potential and the two-form gauge field on the boundary brane,
respectively. It should be noted that the action (2.1) is κ-symmetric and supersymmetric
even in the presence of H.
In the pure spinor formalism, κ-symmetry is replaced with BRST symmetry. The super-
membrane action in the pure spinor formalism [12] is given as
Spure =
∫
Σ
d3τ
[
P˜µΠ
µ
0 + LWZ + dα∂0θ
α + wα∂0λ
α + (dΓµ∂Iθ) Π
µ
Jǫ
IJ
−
1
2
(P˜ µP˜µ + det(ΠIΠJ)) + e
I(P˜µΠ
µ
I + d∂Iθ + w∂Iλ)
+ (wΓµ∂Iλ) Π
µ
Jǫ
IJ − iǫIJ (wΓµ∂Iθ)(λ¯Γ
µ∂Jθ) + iǫ
IJ (w∂Iθ)(λ¯∂Jθ)
]
, (2.4)
where P˜µ denotes P˜µ ≡ Pµ−
1
2
BµMN∂IZ
M∂JZ
NǫIJ with ZM = (xµ, θα). The BMNP is defined
by LWZ ≡
1
6
ǫijkBMNP∂iZ
M∂jZ
N∂kZ
P where LWZ is given in (2.3). Define the momentum
3
conjugate to θα by ‡ pα ≡
∂rL
∂θ˙α
, and then we introduce dα as 32 fermionic constraints
dα = pα −
i
2
P˜ µ(CΓµθ)α −
1
2
ǫIJBMNα∂IZ
M∂JZ
N . (2.5)
The Grassmann-even spinor fields (λα, wα) are pure spinor ghosts. The Lagrange multiplier
e0 has been set to −1/2.
The supermembrane action (2.4) is invariant under the supersymmetry transformations
δǫθ
α = ǫα , δǫx
µ =
i
2
θ¯Γµǫ , δǫe
0 = δǫe
I = 0 , δǫλ
α = δǫwα = 0 , δǫP˜µ = δǫdα = 0 , (2.6)
where P˜µ and dα are defined to be invariant under supersymmetry transformations.
The BRST operator§ is defined by Q ≡ λαdα which acts on a field f by Qf = i{Q, f ].
By using (anti-)commutation relations {pα, θ
β} = −iδβα, [Pµ, x
ν ] = iδνµ and [λ
α, wβ] = −iδ
α
β ,
we may derive
Qθα =λα , Qxµ =
i
2
λ¯Γµθ , Qdα = −iΠˆ
µ
0 (CΓµλ)α +
i
2
ǫIJΠµIΠ
ν
J(CΓµνλ)α ,
Qλα =0 , Qwα = dα , QP˜µ =−iλ¯Γµν∂IθΠ
ν
Jǫ
IJ . (2.7)
For the nilpotency of the BRST operator, we impose the pure spinor constraint λ¯Γµλ = 0,
and its secondary constraints¶ (λ¯Γµνλ) Π
µ
I = 0 and λ¯∂Jλ = 0. The equation of motion for
Pµ determines P˜
µ as P˜ µ = Πµ0 + e
IΠµI ≡ Πˆ
µ
0 . The last equation in (2.7) follows from the
equation of motion ∇θ ≡ ∂0θ + e
I∂Iθ − 2e
0Γρ∂KθΠ
ρ
Lǫ
KL = 0 with e0 = −1/2. We assume
that QeI = −iǫIJ λ¯∂Jθ, which is suggested by the κ-transformation of e
I [12].
The BRST invariance of Spure can be shown [12] by following the method used in [16].
First, we note that
Spure − S˜ =
∫
d3τ Q[w∇θ] , (2.8)
where S˜ denotes S in (2.1) with the replacements Pµ → P˜µ and e
0 → −1/2. It is convenient
for us to introduce a Grassmann-odd parameter ε to the BRST transformations: δf = εQf ,
namely
δθα = ελα , δxµ =
i
2
ελ¯Γµθ , δeI = −iǫIJελ¯∂Jθ , δP˜µ = −iελ¯Γµν∂IθΠ
ν
Jǫ
IJ . (2.9)
As in [12], one may show that
δS˜ =i
∫
d3τ ελ¯
(
ΓµP˜µ −
1
2
Γµν ǫ
IJΠµIΠ
ν
J
)
∇θ , (2.10)
‡The derivative with a superscript r denotes the right derivative.
§ The double spinor formalism [14] sheds some light on a derivation of the BRST operator for the pure
spinor supermembrane.
¶ For further discussion on this issue see [12][15].
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and that
δ
∫
d3τ Q[w∇θ] =− i
∫
d3τ ελ¯
(
ΓµΠˆ
µ
0 −
1
2
Γµνǫ
IJΠµIΠ
ν
J
)
∇θ . (2.11)
Gathering these together, we may conclude that Spure is BRST invariant
δSpure = δS˜ + δ
∫
d3τ Q[w∇θ] = 0 . (2.12)
3 Open Supermembrane and BRST surface terms
For an open supermembrane in the pure spinor formalism, the BRST transformation of
the action leaves surface terms. We will show that the boundary condition to eliminate
them leads to a classification of Dirichlet-branes of an open supermembrane. Furthermore
we note that an open supermembrane with constant three-form fluxes may attach to non-
commutative M-branes.
In this section, we will derive surface terms of the BRST transformation of the open
pure spinor supermembrane action. First of all, we consider boundary conditions for bosonic
variables. The bosonic part of the pure spinor supermembrane action (2.4) is the same as
the bosonic part of the action (2.1) with e0 = −1/2. In studying the bosonic part, we
will restore e0 as a Lagrange multiplier, and we consider the bosonic part of (2.1) which
is classically equivalent to the Nambu-Goto action [13]. Varying it with respect to xµ, we
obtain the surface term
δSbospure| =
∫
∂Σ
(
∂ixµ +
1
2
ǫijkHµνρ∂jx
ν∂kx
ρ
)
δxµnidS , (3.1)
where ni is the unit vector normal to ∂Σ.
We will turn on a constant H along the world-volume of the Dirichlet p-brane of the
open supermembrane. In order to eliminate the surface term, we must impose either of the
following boundary conditions [17]: the Neumann boundary condition ∂nx
µ¯+Hµ¯ν¯ρ¯∂tx
ν¯∂τx
ρ¯ =
0 for Neumann directions xµ¯a (a = 0, 1, · · · , p), or the Dirichlet boundary condition ∂tx
µ =
∂τx
µ = 0 for Dirichlet directions xµa (a = p + 1, · · · , 10). We have defined ∂n ≡ n
i∂i and
∂t ≡ t
i∂i with t and τ being vectors tangent to ∂Σ. The Neumann boundary condition above
reduces to the ordinary Neumann boundary condition when H = 0, while it mixes Neumann
and Dirichlet boundary conditions for H 6= 0.
3.1 BRST surface terms
Now we shall consider the surface terms of the BRST transformation. For the BRST symme-
try to be unbroken in the presence of the boundary, these surface terms must be eliminated
by appropriate boundary conditions on the fermionic variables.
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We find that the surface terms of the BRST transformation of Spure come from the WZ
term and take the form
δSpure| =
∫
∂Σ
(L(2) + L(4) + L(6))dS , (3.2)
L(2) =−
i
4
ǫijk(Hµνρ θ¯Γ
ρξ + θ¯Γµνξ) ∂jx
µ∂kx
ν ni , (3.3)
L(4) =
1
8
ǫijk
(
θ¯Γµνξ · θ¯Γ
µ∂jθ + θ¯Γµν∂jθ · θ¯Γ
µξ
)
∂kx
ν ni , (3.4)
L(6) =
i
48
ǫijk
(
θ¯Γµνξ · θ¯Γ
µ∂jθ + θ¯Γµν∂jθ · θ¯Γ
µξ
)
θ¯Γν∂kθ ni , (3.5)
where we have introduced ξ by ξ ≡ ελ, and L(n) denotes the n-th order terms in ξ as well
as θ. It is worth noting that if we set ξ = δκθ, the above surface term coincides with that of
the κ-symmetry transformation of the κ-symmetric open supermembrane action examined
in [3, 9, 10, 11]. For the present paper to be self-contained, we will derive conditions on θ
and ξ for the surface terms to be deleted.
First we will show that L(6) in (3.5) vanishes due to the Fierz identity
(CΓµν)(αβ(CΓ
ν)γδ) = 0 . (3.6)
One finds that
L(6) =−
i
24
ǫijkθ¯Γµν∂jθ · θ¯Γ
µ∂kθ · θ¯Γ
νξ ni
=−
i
24
ǫijkθ¯Γµν∂kθ · θ¯Γ
µ∂jθ · θ¯Γ
νξ ni
=0 . (3.7)
In the first equality the Fierz identity θ¯Γµνξ · θ¯Γ
ν∂jθ− θ¯Γµν∂jθ · θ¯Γ
νξ = 0 has been used, and
in the second equality we have used the Fierz identity θ¯Γµν∂jθ · θ¯Γ
µ∂kθ−θ¯Γµν∂kθ · θ¯Γ
µ∂jθ = 0.
The third equality follows from the anti-symmetricity of three indices of ǫijk.
Next we consider L(2) in (3.3). The bosonic boundary condition implies that L(2) =
− i
2
(Hµ¯ν¯ρ¯ θ¯Γ
ρ¯ξ + θ¯Γµ¯ν¯ξ)∂tx
µ¯∂τx
ν¯ , and then we require that
Hµ¯ν¯ρ¯ θ¯Γ
ρ¯ξ + θ¯Γµ¯ν¯ξ = 0 . (3.8)
We demand that the boundary condition on ξ is the same as that on θ. This is because the
BRST transformation (2.9) relates them each other as δθ = ξ. It implies that the BRST
symmetry is preserved even in the presence of the boundary. Before solving the boundary
condition (3.8), we consider L(4) in (3.4). The bosonic boundary condition reduces it to
L(4) =
1
4
(θ¯Γµ¯ν¯ξ · θ¯Γ
µ¯∂tθ + θ¯Γµ¯ν¯∂tθ · θ¯Γ
µ¯ξ)∂τx
ν¯ − (t↔ τ)
+
1
4
(θ¯Γµν¯ξ · θ¯Γ
µ∂tθ + θ¯Γµν¯∂tθ · θ¯Γ
µξ)∂τx
ν¯ − (t↔ τ) . (3.9)
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The relation (3.8) makes the first line of the form 1
4
Hµ¯ν¯ρ¯(θ¯Γ
ρ¯ξ · θ¯Γµ¯∂tθ+ θ¯Γ
ρ¯∂tθ · θ¯Γ
µ¯ξ)∂τx
ν¯−
(t ↔ τ), which vanishes due to the anti-symmetricity of the three indices of Hµ¯ν¯ρ¯. As a
result, for L(4) = 0 we require
θ¯Γµν¯ξ = 0 or θ¯Γ
µξ = 0 . (3.10)
Summarizing, the surface terms should disappear if (3.8) and either of two equations in
(3.10) are satisfied.
4 Non-commutative M-branes
In this section, we will fix the fermionic boundary conditions which solve (3.8) and (3.10).
We shall impose the same boundary condition on θ and ξ
θ = Mθ , ξ = Mξ , (4.1)
where M is the gluing matrix. This is because the BRST transformation relates them each
other as δθ = ξ. In addition to the NC M5-brane obtained in [9], two kinds of NC M9-branes
will be presented below.
4.1 Non-commutative M5-brane
Here we present the boundary condition for a NC M5-brane which solve (3.8) and (3.10).
Because the derivation of the boundary condition is similar to those given in [9], we put it
in the appendix A.
A gluing matrix and fluxes for a NC M5-brane‖ are M = eϕΓ
345
Γ01···5, and H012 = sinϕ
and H345 = tanϕ. As explained in the appendix A, the fluxes satisfy
1
(H012)2
−
1
(H345)2
= 1 , (4.2)
which is nothing but the self-duality condition [18] for the two-form gauge field on the M5-
brane world-volume [19]. We note that the self-duality condition for the two-form gauge
fields has been derived from the BRST symmetry of an open supermembrane.
For ϕ = 0, it represents a commutative M5-brane as M = Γ01···5 and H012 = H
345 = 0.
On the other hand for ϕ → π/2, the gluing matrix reduces to M → Γ012, while fluxes are
H012 → 1 and H
345 →∞. It seems that this may describe an M2-brane with a critical flux
H012 = 1. However this limit is nothing but the OM limit [20], so that this M2-brane should
‖ The gluing matrix M = eϕΓ
012
Γ01···5 with fluxes H345 = sinhϕ and H
012 = tanhϕ gives a different
parametrization of the NC M5-brane above.
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be one of infinitely many M2-branes dissolved into the M5-brane∗∗. This is consistent with
the fact that there must be the M5-brane for the charge conservation [22]. Consequently the
NC M5-brane should be regarded as a bound state of an M5-brane and M2-branes.
4.2 Non-commutative M9-branes
We will consider two types of non-commutative M9-branes. We may choose {0, 1, · · · , 9} as
the M9-brane world-volume directions without loss of generality. The Dirichlet direction is
the 10-th direction which is denoted as ♮ below to avoid confusion.
4.2.1 Non-commutative M9-brane with an electric flux
First we consider the following gluing matrix
M =h0Γ
01···9 + h1Γ
34···9 , (4.3)
which reduces to the gluing matrix for an M9-brane when h1 = 0. We shall turn on H012,
and examine
H012θ¯Γ
2ξ + θ¯Γ01ξ = 0 . (4.4)
Since
θ¯ = θ¯M ′ , M ′ ≡ −h0Γ
01···9 + h1Γ
34···9 , (4.5)
we derive
θ¯Γ2ξ =
1
2
θ¯(M ′Γ2 + Γ2M)ξ = −h0θ¯Γ
01···9Γ2ξ = h0θ¯Γ
013···9ξ , (4.6)
θ¯Γ01ξ =
1
2
θ¯(M ′Γ01 + Γ01M)ξ = h1θ¯Γ
3···9Γ01ξ = −h1θ¯Γ
013···9ξ . (4.7)
This shows that (4.4) is satisfied when H012h0 − h1 = 0, i.e. H012 = h1/h0. The equation
(4.4) with the replacement (012)→ (120) and that with the replacement (012)→ (201) are
treated similarly, and satisfied when H012 = h1/h0. It is obvious that the latter equation in
(3.10) is satisfied
θ¯Γ♮ξ =
1
2
θ¯(M ′Γ♮ + Γ♮M)ξ = 0 , (4.8)
since Γ♮M = −M ′Γ♮. As a result, the gluing matrix (4.3) with H012 = h1/h0 eliminates the
BRST surface terms. For M2 = h20−h
2
1 ≡ 1, we choose h0 = coshϕ and h1 = sinhϕ. In this
parametrization, M and H012 are expressed as
M = eϕΓ
012
Γ01···9 , H012 = tanhϕ . (4.9)
∗∗See [21] for the relation to the BLG model.
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When ϕ = 0, it represents a commutative M9-brane characterized by M = Γ01···9 and
H012 = 0. On the other hand, when ϕ → ∞, the boundary condition θ = Mθ reduces to
0 = (Γ01···9 + Γ3···9)θ = Γ01···9(1 − Γ012)θ, i.e. θ = Γ012θ. As H012 → 1, it may represent an
M2-brane with a critical flux H012 = 1. For the charge conservation, there must be another
brane other than the M2-brane. We may expect that there should be an M9-brane behind
the M2-brane with a critical flux. To confirm this expectation we need to know the M9-brane
effective action which describes the coupling to the M2-brane. Further study is needed to
clarify this point.
4.2.2 Non-commutative M9-brane with a magnetic flux
Next, we shall consider the following gluing matrix
M =h0Γ
01···9 + h1Γ
01···6 , (4.10)
and turn on H789 . Since
θ¯ = θ¯M ′ , M ′ ≡ −h0Γ
01···9 + h1Γ
01···6 , (4.11)
we derive
θ¯Γ9ξ =
1
2
θ¯(M ′Γ9 + Γ9M)ξ = −h0θ¯Γ
01···9Γ9ξ = −h0θ¯Γ
01···8ξ , (4.12)
θ¯Γ78ξ =
1
2
θ¯(M ′Γ78 + Γ78M)ξ = h1θ¯Γ
01···6Γ78ξ = h1θ¯Γ
01···8ξ . (4.13)
This shows that
H789θ¯Γ
9ξ + θ¯Γ78ξ = 0 (4.14)
is satisfied when −H789h0 + h1 = 0, i.e. H789 = h1/h0. The equation (4.14) with the
replacement (789) → (897) and that with the replacement (789) → (978) are shown to
be treated similarly and are satisfied when H789 = h1/h0. It is obvious that the latter
equation in (3.10) is satisfied since Γ♮M = −M ′Γ♮. As a result, the gluing matrix (4.10)
with H789 = h1/h0 eliminates the BRST surface terms. For M
2 = h20 + h
2
1 ≡ 1, we choose
h0 = cosϕ and h1 = sinϕ. In this parametrization, M and H789 are expressed as
M = eϕΓ
789
Γ01···9 , H789 = tanϕ . (4.15)
When ϕ = 0, it represents a commutative M9-brane characterized by M = Γ01···9 and
H789 = 0. On the other hand, when ϕ = π/2, the gluing matrix reduces to M = Γ
01···6
and the flux diverges H789 → ∞. It seems that this describes a 6-brane, but there is no
9
seven-form gauge potential in eleven-dimensions. In ten-dimensions, however, we have a RR
seven-form gauge potential C7 which is dual to a RR one-form gauge potential C1. The
gauge potential C7 couples to a D6-brane which is characterized by a harmonic function
H on the space E3 transverse to the world-volume E1,6. An eleven-dimensional lift of the
D6-brane is known as a KK monopole which is magnetically charged with respect to C1 and
takes the form [6]
ds2 =ds2(E1,6) +H(y)dyidyi +H(y)
−1(dz + dyiCi(y))
2 ,
Fij ≡∂iCj(y)− ∂jCi(y) = ǫijk∂kH(y) , (4.16)
where yi (i = 1, 2, 3) are coordinates on E3. The direct dimensional reduction with respect to
z leads to the D6-brane solution. We will interpret the boundary characterized byM = Γ01···6
as the KK monopole. In the present context, the KK monopole extends along E1,6 spanned
by {0, 1, · · · , 6} and H is a harmonic function on E3 spanned by {7, 8, 9}. As H789 → ∞,
there should be infinitely many KK monopoles so that H(y) has infinitely many poles on E3.
These KK monopoles have dissolved inside an M9-brane. Consequently the NC M9-brane
should be regarded as a bound state of an M9-brane and KK monopoles.
4.3 Supersymmetry of non-commutative M-branes
In this subsection, we shall show that the NC M-branes derived in the sections 4.1 and
4.2 are half supersymmetric. For this purpose we will examine the surface terms of the
supersymmetry transformations and show that they are deleted by the boundary conditions
examined in the previous subsections.
To see that the action (2.4) is invariant under the supersymmetry transformations (2.6),
we need to perform partial integration. For an open supermembrane we are considering, the
partial integration leaves a surface term which has to be deleted by an appropriate boundary
condition for some amount of supersymmetry to be preserved. We find that the surface terms
come from the Wess-Zumino term (2.3) and take the form
δǫSpure| =
∫
∂Σ
(
L
(2)
SUSY + L
(4)
SUSY + L
(6)
SUSY
)
dS , (4.17)
L
(2)
SUSY =
i
4
ǫijk
(
Hµνρθ¯Γ
ρǫ+ θ¯Γµνǫ
)
∂jx
µ∂kx
νni , (4.18)
L
(4)
SUSY =
1
24
ǫijk
(
ǫ¯Γµνθ · θ¯Γ
µ∂jθ + θ¯Γµν∂jθ · ǫ¯Γ
µθ
)
∂kx
νni , (4.19)
L
(6)
SUSY =
i
144
ǫijk
(
ǫ¯Γµνθ · θ¯Γ
µ∂jθ + θ¯Γµν∂jθ · ǫ¯Γ
µθ
)
θ¯Γν∂kθ ni . (4.20)
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A derivation of them was given in the appendix B. Now, we shall compare these surface
terms with the BRST surface terms in (3.3),(3.4) and (3.5). We found that
L
(2)
SUSY = L
(2)|ξ=−ǫ , L
(4)
SUSY = L
(4)|ξ=−ǫ/3 , L
(6)
SUSY = L
(6)|ξ=−ǫ/3 . (4.21)
It implies that the boundary conditions which eliminate the BRST surface terms also elim-
inate the surface terms of supersymmetry††. As a result, we may conclude that the NC
M-branes obtained in the sections 4.1 and 4.2 would preserve a half of 32 supersymmetries
so that they are 1/2 BPS objects.
5 Summary and discussions
We examined boundary conditions for the BRST symmetry of the open supermembrane with
a constant flux in the pure spinor formalism. The boundary conditions lead to a possible
Dirichlet branes of an open supermembrane. It is found that the surface terms coincide with
those for the κ-variation of the κ-symmetric open supermembrane examined in [3, 9, 10, 11] if
we replace ξ for δκθ. So we have obtained the NC M5-brane derived there. In addition to the
NC M5-brane, we found two types of NC M9-branes in this paper. One is the NC M9-brane
with an electric flux characterized by (4.9). It reduces in the critical electric flux limit to an
M2-brane on an M9-brane. Another is the NC M9-brane with a magnetic flux characterized
by (4.15). It reduces in the strong flux limit to infinitely many KK monopoles dissolved into
an M9-brane. It is argued that this NC M9-brane should be regarded as a bound state of
an M9-brane and KK monopoles. Furthermore we have examined the surface terms for the
supersymmetry transformations of the open supermembrane action with a constant three-
form flux in the pure spinor formalism. We found that the surface term L
(n)
SUSY in (4.17)
for the supersymmetry variation is proportional to the surface term L(n) in (3.2) for the
BRST variation if we replace the supersymmetry parameter ǫ for ξ. Consequently we have
concluded that the NC M-branes obtained here should preserve a half of 32 supersymmetries
and are 1/2 BPS objects.
In this paper, we have examined an open supermembrane in the pure spinor formalism,
instead of the κ-symmetric open supermembrane. One of advantages of our approach is
to consider the BRST symmetry which is expected to survive quantum corrections. We
found that our results are consistent with the previous ones obtained from the κ-symmetry
arguments. This implies that our results may give a quantum consistency check for the
previous ones.
†† For the κ-symmetric open supermembrane, see [3], where it was shown that the boundary conditions
to eliminate the κ-symmetry surface term will preserve a half of the supersymmetries.
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For the NC M9-brane with an electric flux characterized by (4.9), we assumed that there
should be an M9-brane behind the M2-brane in the critical flux limit. To confirm this point
we need to know the M9-brane effective action which describes the coupling to the M2-brane.
It is interesting for us to clarify this point.
We obtained NC M-branes as solutions of boundary conditions for an open supermem-
brane. They are expected to be obtained also as classical solutions of M-brane world-volume
equations of motion. Especially they should preserve a half of 32 supersymmetries from our
analysis in the section 4.3. Solutions of the world-volume equations of motion will help us
to examine properties of the NC M-branes obtained in this paper. It is also interesting to
pursue supergravity solutions of NC M-branes.
It is known that in a general background, the classical BRST invariance of an open
pure spinor superstring implies that the background fields satisfy full non-linear equations
of motion for a supersymmetric Born-Infeld action [23]. This is the open string version of
[24] in which the classical BRST invariance of a closed pure spinor superstring in a curved
background is shown to imply that the background fields satisfy full non-linear equations of
motion for the type-II supergravity. There are similar results for the classical κ-invariance
of an open Green-Schwarz superstring [25] and a closed Green-Schwarz superstring [26],
respectively. It is interesting to extract non-commutative M-brane equations of motion by
requiring BRST invariance in the pure spinor supermembrane with background fields.
An obvious generalization of our analysis is to examine NC M-branes in curved back-
grounds, such as the AdS4×S
7 background. In [27], commutative M-branes are derived as
Dirichlet branes of the κ-symmetric open supermembrane in AdS4×S
7 and AdS7×S
4. . It
is interesting to examine NC M-branes in AdS4×S
7 by using open supermembrane with
constant fluxes in the pure spinor formalism. As for D-branes in AdS5×S
5, we examined
them from the BRST symmetry of the pure spinor superstring in [28]. Furthermore recently
world-sheet supersymmetries are examined in [29]. It is also interesting to examine NC
D-branes by using the pure spinor superstring with two-form fluxes. We expect that this
analysis may support the previous results obtained from the κ-symmetry arguments [30].
We hope to report these issues in the near future.
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A NC M5-brane
We will derive the NC M5-branes given in the section 4.1. Consider the gluing matrix of the
form
M = h0Γ
µ¯0···µ¯5 + h1Γ
µ¯0···µ¯2 . (A.1)
We note that this reduces to the gluing matrix for an M5-brane when h1 = 0. For M
2 = 1,
we demand −s0h
2
0 − s1h
2
1 ≡ 1. We have introduced s0 and s1 such that s0 = −1 when
0 ∈ {µ¯0, · · · , µ¯5} and s0 = +1 otherwise, while s1 = −1 when 0 ∈ {µ¯0, · · · , µ¯2} and s1 = +1
otherwise. For reality of θ, either s0 or s1 must be −1. Noting that s1 = 1 follows from
s0 = 1, we set s0 = −1. Introducing fluxes Hµ¯0···µ¯2 and H
µ¯3···µ¯5 we obtain a non-trivial
solution. Since
θ¯ = θTMTC = θ¯M ′ , M ′ ≡ −h0Γ
µ¯0···µ¯5 + h1Γ
µ¯0···µ¯2 , (A.2)
θ¯Γµ¯0µ¯1ξ =
1
2
θ¯(M ′Γµ¯0µ¯1 + Γµ¯0µ¯1M)ξ =
1
2
θ¯Γµ¯0µ¯1(M
′ +M)ξ = −h1θ¯Γ
µ¯2ξ , (A.3)
θ¯Γµ¯5ξ =
1
2
θ¯(M ′Γµ¯5 + Γµ¯5M)ξ =
1
2
θ¯Γµ¯5(−M
′ +M)ξ = −h0θ¯Γ
µ¯0···µ¯4ξ , (A.4)
θ¯Γµ¯3µ¯4ξ =
1
2
θ¯(M ′Γµ¯3µ¯4 + Γµ¯3µ¯4M)ξ =
1
2
θ¯Γµ¯3µ¯4(M ′ +M)ξ = h1θ¯Γ
µ¯0···µ¯4ξ , (A.5)
θ¯Γµ¯2µ¯3ξ =
1
2
θ¯(M ′Γµ¯2µ¯3 + Γµ¯2µ¯3M)ξ =
1
2
θ¯Γµ¯2µ¯3(−M +M)ξ = 0 , (A.6)
(3.8) implies that
Hµ¯0···µ¯2 − h1 = 0 , − h0H
µ¯3···µ¯5 + h1 = 0 . (A.7)
Substituting them into h20 − s1h
2
1 = 1, we obtain
1
(Hµ¯0···µ¯2)
2
−
1
(Hµ¯3···µ¯5)2
= −s1 . (A.8)
This is nothing but the self-duality condition [18] for the two-form gauge field on the M5-
brane world-volume [19]. It is straightforward to see that the latter condition in (3.10) is
satisfied.
For s1 = −1, we may take M as M = h0Γ
012345 + h1Γ
012 without loss of generality.
Parametrizing h0 and h1 as h0 = cosϕ and h1 = sinϕ, we can express it as M = e
ϕΓ345Γ01···5.
Fluxes are H012 = sinϕ and H
345 = tanϕ. On the other hand for s1 = 1, we may take M as
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M = h0Γ
012345 + h1Γ
345 without loss of generality. Parametrizing h0 and h1 as h0 = coshϕ
and h1 = sinhϕ, we can express it as M = e
ϕΓ012Γ01···5. Fluxes are H345 = sinhϕ and
H012 = tanhϕ.
B Supersymmetry surface term
We shall derive the supersymmetry surface terms (4.19) and (4.20) in section 4.3 below.
The surface term L
(4)
SUSY given in (4.19) may be derived from terms contained in δǫLWZ
which are the four-th order terms in fermions as follows
δǫLWZ|θ3ǫ =
1
8
ǫijk
(
ǫ¯Γµν∂iθ · θ¯Γ
µ∂jθ − θ¯Γµν∂iθ · ǫ¯Γ
µ∂jθ
)
∂kx
ν (B.1)
=
1
8
ǫijk
(
1
2
ǫ¯Γµνθ · ∂iθ¯Γ
µ∂jθ +
1
2
∂iθ¯Γµν∂jθ · ǫ¯Γ
µθ
)
∂kx
ν (B.2)
=−
1
2
δǫLWZ|θ3ǫ + ∂i
[
1
16
ǫijk
(
ǫ¯Γµνθ · θ¯Γ
µ∂jθ + θ¯Γµν∂jθ · ǫ¯Γ
µθ
)
∂kx
ν
]
(B.3)
=∂i
[
1
24
ǫijk
(
ǫ¯Γµνθ · θ¯Γ
µ∂jθ + θ¯Γµν∂jθ · ǫ¯Γ
µθ
)
∂kx
ν
]
. (B.4)
In the second equality we have utilized the Fierz identity, and for the third equality partial
integration has been performed for ∂iθ¯. Similarly, examining terms contained in δǫLWZ which
are six-th order in fermions, we derive (4.20) as follows.
δǫLWZ|θ5ǫ =
i
48
ǫijk
(
ǫ¯Γµν∂iθ · θ¯Γ
µ∂jθ − θ¯Γµν∂iθ · ǫ¯Γ
µ∂jθ
)
θ¯Γν∂kθ (B.5)
=
i
48
ǫijk
(
1
2
ǫ¯Γµνθ · ∂iθ¯Γ
µ∂jθ +
1
2
∂iθ¯Γµν∂jθ · ǫ¯Γ
µθ
)
θ¯Γν∂kθ (B.6)
=−
1
2
δǫLWZ|θ5ǫ + ∂i
[
1
96
ǫijk
(
ǫ¯Γµνθ · θ¯Γ
µ∂jθ + θ¯Γµν∂jθ · ǫ¯Γ
µθ
)
θ¯Γν∂kθ
]
+
i
96
ǫijk
(
ǫ¯Γµνθ · θ¯Γ
µ∂iθ + θ¯Γµν∂iθ · ǫ¯Γ
µθ
)
∂j θ¯Γ
ν∂kθ (B.7)
=∂i
[
1
144
ǫijk
(
ǫ¯Γµνθ · θ¯Γ
µ∂jθ + θ¯Γµν∂jθ · ǫ¯Γ
µθ
)
θ¯Γν∂kθ
]
. (B.8)
In the second equality we have utilized the Fierz identity, and for the third equality partial
integration has been performed for ∂iθ¯. The last line in (B.7) is eliminated by the Fierz
identity.
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